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Abstract. We give an expository account of a conjecture, developed by Coates- 
Corti-Iritani— Tseng and Ruan, which relates the quantum cohomology of a 
Gorenstein orbifold X to the quantum cohomology of a crepant resolution Y 
of X. We explore some consequences of this conjecture, showing that it im- 
plies versions of both the Cohomological Crepant Resolution Conjecture and 
of the Crepant Resolution Conjectures of Ruan and Bryan-Graber. We also 
give a 'quantized' version of the conjecture, which determines higher-genus 
Gromov-Witten invariants of X from those of Y . 



1. Introduction 

An orbifold is a space which is locally modelled on quotients of R" by finite 
groups. Orbifolds are a natural class of spaces to study. Manifolds and smooth 
algebraic varieties are orbifolds but spaces of geometric interest, and particularly 
those obtained by quotient constructions, are often orbifolds rather than varieties 
or manifolds. Furthermore many geometric operations, including those transforma- 
tions involved in spacetime topology change i^^j , treat orbifolds and smooth varieties 
on an equal footing. In this paper we study the quantum cohomology of orbifolds. 

The quantum cohomology of a Kahler orbifold A" is a family of algebras whose 
structure constants encode certain Gromov-Witten invariants of X . These Gromov- 
Witten invariants are interesting from at least three points of view: symplectic 
topology, as they give invariants of A" as a symplectic orbifold; algebraic geometry, 
as they give a 'virtual count' of the number of curves in X which are constrained to 
pass through various cycles; and physics, as they give rigorous meaning to instanton 
counting in a model of string theory with spacetime X x M.'^. In what follows we 
outline a conjecture which describes how the quantum cohomology of a Gorenstein 
orbifold X is related to that of a crepant resolution Y oi X, and explore some of its 
consequences. The conjecture is of interest also from at least three points of view: 
Gromov-Witten invariants of orbifolds are difficult to compute, and the conjecture 
provides tools for doing this; crepant resolutions are simple examples of birational 
transformations, and an understanding of how quantum cohomology changes under 
birational transformations would be both interesting and useful; and the conjecture 
provides a version of the McKay Correspondence which reflects a well-known phys- 
ical principle — that string theory on an orbifold and on a crepant resolution of 
that orbifold should be equivalent. 

The conjecture, which is described in more detail in fjl] below, was developed by 
Coates-Corti-Iritani-Tseng [T3] and Ruan [33]. Following Givental, we encode all 
genus-zero Gromov-Witten invariants of X in the germ Cx of a Lagrangian subman- 
ifold in a symplectic vector space Hx ■ This submanifold-germ Cx has very special 
geometric properties (theorem l3 . 2l below) which make it easy to determine the quan- 
tum cohomology of X from £x ([J6] below). A similar submanifold-germ Cy C Hy 
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encodes all genus-zero Gromov-Witten invariants of the crepant resolution Y. As 
Cx and Cy are germs of subnianifolds, it makes sense to analytically continue them. 
We conjecture that there is a linear symplectic isomorphism U : Tlx Tiy such 
that after analytic continuation of Cx and Cy we have U{Cx) — ^y- This gives, in 
particular, a conjectural relationship between the quantum cohomology of X and 
the quantum cohomology of Y. 

The idea that the quantum cohomology of X should be in some sense equivalent 
to the quantum cohomology of Y has been around for a while now, and is due 
to Ruan. He originally conjectured that the small quantum cohomology of X and 
the small quantum cohomology of K — two families of algebras which depend 
on so-called quantum parameters — become isomorphic after specializing some of 
the quantum parameters to particular values. This specialization may first require 
analytic continuation in the quantum parameters. Ruan's conjecture is discussed 
further and revised in f}8] and §111 below. Bryan and Graber [7] recently proposed a 
refinement of Ruan's conjecture, applicable whenever X satisfies a Hard Lefschetz 
condition on orbifold cohomology They suggest that in this case the big 

quantum cohomology algebras of X and Y coincide after analytic continuation and 
specialization of quantum parameters, via a linear isomorphism that also matches 
certain pairings on the algebras. 

As we explain in §S|8]-[9] below, under appropriate conditions on X our conjecture 
implies something very like the earlier conjectures of Ruan and Bryan-Graber. Our 
conjecture applies, however, in much greater generality. This fits with a general 
picture developed by Givental: that the submanifold-germ Cx often transforms in 
a simple way under geometric operations on X, even when those operations have 
a complicated effect on quantum cohomology. Our conjecture also fits well with 
Givental's approach to mirror symmetry. This was the essential point in the proof 
[raj of the conjecture for X = P(l, 1, 2) and X = P(l, 1, 1, 3). Forthcoming work 
by Coates, Corti, Iritani, and Tseng will extend this line of argument, using mirror 
symmetry to prove our conjecture for crepant resolutions of toric orbifolds X such 
that ci{X) > 0. 

An outline of the paper is as follows. We give introductions to the cohomology 
and quantum cohomology of orbifolds in ^ and to Givental's framework in ^ We 
state the conjecture in 21 After giving some preparatory lemmas (®, we explain 
in ^ how to extract quantum cohomology from the submanifold Cx ■ This allows 
us to draw conclusions about quantum cohomology from our conjecture. We do 
this in the next three sections, proving something like the Cohomological Crepant 
Resolution Conjecture in something like Ruan's conjecture in SjHl and something 
like the Bryan-Graber conjecture in ^ We close by discussing a higher-genus 
version of the conjecture ( ifTU)) and the role of flat gerbes f ^lip . 

We should emphasize that most of what follows is a new presentation of ideas 
and methods which are already in the literature; in particular we draw the reader's 
attention to [S1[T31[121[32 • But we feel that these ideas are important enough to 
deserve a clear and accessible expository account. The main purpose of this article 
is to give such an account: we are, of course, entirely responsible for any mistakes 
or obscurities that it contains. 

Acknowledgements. Both authors are very grateful to Hiroshi Iritani: most of 
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with him. We would have preferred that he join us as author of this note, but must 
respect his wishes in this regard. T.C. thanks Jim Bryan, Alessio Corti, Alexander 
Givental, and Hsian-Hua Tseng for useful discussions; and the Royal Society and 
the Clay Mathematics Institute for flnancial support. Y.R. thanks Paul Aspinwall 
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2. OrBIFOLD COHOMOLOGY AND QUANTUM COHOMOLOGY 

In this section we describe and fix notation for orbifold cohomology, Gromov- 
Witten invariants, and quantum cohomology. The non-expert reader should be able 
to follow the rest of the paper after reading the summary of these topics below; 
detailed accounts of the theory can be found in the work of Chen-Ruan [91101 and 
Abramovich-Graber-Vistoli [2,3] • We work in the algebraic category, so from now 
on 'orbifold' means 'smooth Deligne-Mumford stack over C and 'manifold' means 
'smooth variety'. 

Let Z be an orbifold. The Chen-Ruan orbifold cohomology H^^{Z]C) is the 
cohomology of the so-called inertia stack of Z. If Z is a manifold then H*-^{Z; C) 
is canonically isomorphic to the ordinary cohomology H'{Z;C) and so a Chen- 
Ruan cohomology class can be represented, via Poincare duality, as a cycle in Z. 
In general a Chen-Ruan class can be represented as a linear combination of pairs 
{A, [gA]) where A C Z is a connected cycle and [gA] is a conjugacy class in the 
isotropy group of the generic point of A. Chen-Ruan cohomology contains ordinary 
cohomology as a subspace, represented by those decorated cycles {A, [gA]) where 
gA is the identity element; if 2^ is a manifold then this subspace is the whole of 
H*^{Z; C). The complementary subspace in H'^{Z; C) spanned by those decorated 
cycles {A, [gA]) such that gA is not the identity is called the twisted sector. Chen- 
Ruan cohomology carries a non-degenerate pairing, the orbifold Poincare pairing, 
which functions exactly as the usual Poincare pairing except that classes represented 
by (A, [gA]) and (B, [gs]) pair to zero unless [gA] = [9b^]- 

In what follows we will consider maps f : C Z from orbifold curves to Z. 
The source curve C here may be nodal, and carries a number of marked points. We 
allow C to have isotropy at the marked points and nodes, but nowhere else, and 
insist that the map / is representable: that it induces injections on all isotropy 
groups. (In particular, therefore, if Z is a manifold then we consider only maps 
f : C ^ Z from curves with trivial orbifold structure.) We take the degree of the 
map f : C —^ Z to he the degree of the corresponding map between coarse moduli 
spaces [5S]. This means the following. Let C and Z be the coarse moduli spaces of 
C and Z respectively, and let / : C ^ Z be the map induced by /. Consider the 
free part 

H2{Z; Z)frcc = H2{Z; 'Z)/H2{Z; Z)tors 
of H2{Z;Z); here i72(^;Z)tors is the torsion subgroup of H2{Z;'L). The degree d 
oi f : C ^ Z, d G H2{Z; Z)free, is defined to be the equivalence class of /*[C] where 
[C] is the fundamental class of C. 

We use correlator notation for the Gromov-Witten invariants of the orbifold Z, 
writing 

(1) {5ir\. ■ ■,Snr")ln^a = i^aASi), ■ ■ ■.raSSn))g^a 

where are Chen-Ruan cohomology classes on. Z] ai,...,a„ are non- 

negative integers; and the right-hand side is defined as on page 41 of 1^. li Z 
is a manifold; ai = • • • = a„ = 0; and a very restrictive set of transversality as- 
sumptions hold then ([T]) gives the number of smooth n-pointed curves in Z of degree 
d and genus g which are incident at the ith marked point, 1 < i < n, to a chosen 
generic cycle Poincare-dual to 5i (see [E]). In general, one should interpret ([T]) as 
the 'virtual number' of possibly-nodal n-pointed orbifold curves in Z of genus g and 
degree d which are incident to chosen cycles as above. If any of the ai are non-zero 
then we count only curves which in addition satisfy certain constraints on their 
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complex structure. If Z is an orbifold but not a manifold then, as discussed above, 
the curves we count are themselves allowed to be orbifolds; the orbifold structure 
at the ith marked point of the curve is determined by the conjugacy class [g^] in a 
representative (A^, [17^]) of 8i. We write Eff(Z) for the set of possible degrees d in 
((!]), or in other words for the set of degrees of effective orbifold curves in Z. 

Henceforth let A" be a Gorenstein orbifold with projective coarse moduli space 
X, and let TT : 1" ^ X be a crepant resolution. Assimre that the isotropy group of 
the generic point of X is trivial. The cohomology and homology groups H*{X; Q), 
H,{X; Q) are canonically isomorphic to H*{X; <Q) and H,{X; Q) respectively. The 
maps 

7T* ■.H*{X;Q)^H*{Y;Q), tt, : H,{Y;Q) ^ H,{X;Q), 

are respectively injective [6 and surjective, and there is a 'wrong-way' map 

defined using Poincare duality. We refer to elements of ker tti as exceptional classes. 
For an orbifold Z, we say that a basis for H2{Z; Z)frco is positive if the degree of any 
map f : C Z from an orbifold curve is a non-negative linear combination of basis 
elements. Let us fix bases for homology, cohomology, and orbifold cohomology as 
follows. Let /?!,..., /3r be a positive basis for H2{Y; Z)frco such that 

■n-kPi, . . . , ■ni^Ps is a positive basis for H2{X; Z)frco, 
/3s+i, . . . , /3r is a basis for kerTr^, C H2{Y; Z)free- 

Choose homogeneous bases ipo, . . . , ip^ for H*{Y; Q) and (po, . . . ,(pN ior H'^{X; Q) 
such that 

cpo — ly, the identity clement in H*{Y; Q); 

ipi, . . . ,(pr is the basis for H^{Y; Q) dual to /3i, . . . , Pr] 

00 = Iat, the identity element in H'^{X; Q); 

01, . . . , 0s is the basis for H^{X; Q) dual to ttj^Pi, . . . , Tr^,/?^; 

01, . . . , 0r is a basis for H^^{X; Q). 

Note that (pi — 7r*(0i), 1 < i < s. Let ip'^, . . . , ip^ be the basis for H*{Y; C) which 
is dual to (po, . . . , (pN under the Poincare pairing (•, •)y , and let (jP , . . . , 0^ be the 
basis for H'^{X; C) which is dual to 0o, . . . , 0Ar under the orbifold Poincare pairing 
We will use Einstein's summation convention for Greek indices, summing 
repeated Greek (but not Roman) indices over the range 0, 1, . . . , TV. For d € Eff(y), 
let 

,,,Qd^ ^Y,eie d=di/3i + ---+drl3r, 

and for d e Eff(A'), let 

= [/f 1 U2' ■ ■ ■ Uf' where = di 7r^/3i + • • • + 7r^/3, . 

The monomial Q"^ is an element of the Novikov ring for Y, Ay = C|Qi, . . . , QrJ', 
the monomial C/'* is an element of the Novikov ring for X, Ax — C|C/i, . . . , Us}- 
The big quantum product for A" is a family ★ of algebra structures on H*^[X] Ax), 

T 

parameterized by r G H*^ {X; Ax), which is defined in terms of Gromov-Witten in- 
variants of X. Let r = Tacfia, and consider the genus-zero Gromov-Witten potential 
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for X, 



jjd 



^ /_^\', '/0,n,d ^1 

de'ES(X) ri>0 



(2) 



deEff(Ar): n>0 



d=di7r*/3iH hd^Tri/Sa 

(Recall that we always sum over repeated Greek indices, such as the here.) The 
Gromov-Witten potential Fx is a formal power series in the variables tq, . . . , tat 
and i7i, . . . , J7s; it is a generating function for genus-zero Gromov-Witten invariants 
of X. The potential Fx determines the big quantum product ★ on H*^(X; Ax) via 

r 

d^Fx 

(3) (t)a*(j}l3 ^ ^ 

We can regard the RHS of ([3]) as a formal power series in tq, . . . , tjv with coefRcients 
in H*^{X; Ax), and thus 7k- gives a family, depending formally on r, of algebra 

T 

structures on H*j^{X] Ax)- Similarly, setting t — taipa, the genus-zero Gromov- 
Witten potential for Y , 



dGEff(y') n>0 



(4) = E ^iVe^^-.-^fe^l^nA' 



deEff(F): n>0 

is a formal power series in the variables to, . . . ,tN and Qi, . . . , Qr- It determines the 
big quantum product for Y , which is a family ★ of algebra structures on H*{Y; Ay) 

depending formally on t E H'iY: Ay), via 

The small quantum products are algebra structures on H*j^{X] Ax) and H*{Y; Ay) 
obtained from the big quantum products ^ and (O by setting r = 0, i = 0: 

d6Eff(A') 

deEff(Y) 

The variables Ui, . . . ,Us and Qi, . . . , hidden here are the 'quantum parameters' 
described in the introduction. Setting Qi = ■ ■ ■ = Qr = in ([H]) recovers the usual 
cup product on H*(Y; C); setting Ui = ■ ■ ■ — Us = gives the Chen-Ruan product 
on H* {X;C), which we denote by U. Unless otherwise indicated, all products of 

CR 

Chen-Ruan cohomology classes are taken using U . 

CR 

It follows from the Divisor Equation (see e.g. [7]) that (pa *4>p depends on the 

r 

variables ri, . . . , r,, f/i, . . . , J7s only through the combinations Uie*\ 1 < i < s, 
and that ipa * ^(3 depends on the variables ti, . . . ,tr,Qi, . . . ,Qr only through the 

combinations Q^e*' , 1 < i < r. Set 

^ , nwo = H h Ts(j)s, Trost = TQCpQ + Ts+l(t>s+l H h TNfpN, 

(7) 

^two — tiipi + • • • + trtpr, trost — tofo + tr+lfr+1 + ' ' ' + tjytpN, 
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SO that r = rtwo + TVest and t = ttwo + irest- Then 



(8) (j)^-k(j),j= ^ ^{(l}oi-,4>P,TTest-,---,Trest,(P)o^n+i,d 



deES{X): n>0 
d=di7r*/3iH hds 7r*/3s 



X 



and 

(9) ipa*<fl3= ^ '^{<fa,<f0,tTest,---,tyest,f'^}o 



/ J / J yrai "rest) • • • ) "rest) ^ /g n+3 d 

deEff(F): n>0 
=di/3i+---+dr/3r 



n! 

Thus in the limit 

Rexj ^ — oo, 1 < i < S) 

Tj — > 0, i = and s <i < N, 
the big quantum product ★ on H*^{X;Ax) becomes the Chen-Ruan product, and 

T 

in the limit 

Reii — oo, 1 < i < r, 

i = andr <i<N, 
the big quantum product ★ on H*{Y; Ay) becomes the usual cup product. We refer 
to the points 

{— oo 1 <i < s , I —00 1 < i < r 

and ti = \ 

otherwise 10 otherwise 

as the large-radius limit points for X and Y respectively. 

An Analyticity Assumption and Its Consequences. The goal of this paper 
is to describe a relationship between the big quantum products on H*^{X-, Ax) and 
H*{Y-, Ay). The first obstacle to overcome is that the ground rings Ax and Ay are 
in general not isomorphic: Ay contains more quantum parameters (Qi : 1 < i < r) 
than Ax docs {Ui : 1 < i < s). We now describe an analyticity assumption 
on the big quantum product ★ for Y which allows us to regard ★ as a family of 

algebra structures on H*{Y;Ax)- it allows us to set Qj = f/j, 1 < i < s, and to 

specialize the extra quantum parameters Qs+i, • • • , Qr to 1. Roughly speaking, we 
assume henceforth that the genus-zero Gromov-Witten potential Fy, which is a 
formal power series in the variables to,. . . ,tN and Qi, . . . ,Qr, is convergent in the 
'exceptional variables' Qs+i, ■ ■ ■ ,Qr- 

Definition. Let F € C|a;o, xi, 2:2, . . .] be a formal power scries in the variables 
Xo,xi,X2, ■ ■ ■ Given distinct variables , . . . , Xi^ we can write F uniquely in the 
form 

JCN\{u,...,'i„} a:,7^N\{0} j£J 

where each f j^a is a formal power scries in the variables Xi-^, . . . , Xi^ . Let D he a 
domain in C" which contains the origin. We say that F depends analytically on 
, . . . , Xi^ in the dom,ain D if each fj.,, is the Taylor expansion at the origin of 
f.i,a{xi-^ , • • • , Xi^ ) for some analytic function /j q : D ^ <C. 

The genus-zero Gromov-Witten potential Fy is a formal power series in the 
variables to, - ■ ■ ,tN and Qi, . . . , Qr- Henceforth, we impose: 
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Convergence Assumption 2.1. There are strictly positive real numbers Ri, s < 
i < r, such that Fy depends analytically on Qs+i, ■ • ■ , Qr in the domain 

\Q^\<R^, s<i<r. 

This assumption holds, for instance, whenever F is a compact semi-positive toric 
manifold. As we will see, even though the radii of convergence Ri need not all be 
greater than 1, this assumption will allow us to set Qs+i = ■ ■ ■ = Qr = 1. It follows 
from Q that under Convergence Assumption 12.11 Fy in fact depends analytically 
on ti, t2, ■ ■ ■ ,tr and Qs+i, ■ ■ ■ ,Qr in the domain 



< oo 1 < i < s 

^^^^ |Q,e*'|<i?, s<i<r. 

Thus we can write Fy as 



gj,a:K.b(ti, . . . ,tr;Qs+l, ■ ■ ■ ,Qr^ Yl.^'j'^^'' Y\. ^'k 
JC{0,r+l,r+2,...,N} a:J^N\{0} je.I keK 

ifC{l,2,...,s} N\{0} 

where gj^a;K.b are analytic functions defined in the domain (|10[1 . and then set 

(11) Q^ 



b{k) 



Ui 1 <i < s 
1 s < i < r 



obtaining a well-defined power series 



JC{a.r+l,r+2,...,N} a:,/^N\{0} jeJ k£K 

Kc{l,2,...,s} 6:A'-^N\{0} 

in the variables ioj ^r-t-i, ir-i-2, ■ • ■ , ^at and Ui,...,Us, with coefficients which are 
analytic functions of ti , . . . , defined in the region 

ItA < oo 1 < i < s 

(12) 

|e*'|<i?, s<i<r. 

We can also make the substitution (|lip in the big quantum product (O, obtain- 
ing a well-defined family of products ® on H*{Y;Ax) which depends formally on 

the variables tg, tr+i, • ■ • , ^ a and analytically on the variables ti, . . . ,tr in the 
domain IT^ . The product ® satisfies 



and 



(13) (p^®(p[^= 



deEff(y): n>0 
i=di/3i + ---+d,/3. 



n< 

where trest is defined in ([7]). 

We do not impose any convergence assumption on the Gromov-Witten potential 
Fx, which is a formal power series in tq, . . . , T^r and Ui, . . . ,Us, but nonetheless 
it depends analytically on the variables ri , . . . , Ts in the domain C . This is clear 
from equation 
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3. Givental's Lagrangian Cone 

The key objects in conjecture HH] are certain Lagrangian submanifold-germs Lx 
and £y . In this section we define Lx and Ly and describe some of their properties. 



A Symplectic Vector Space. Throughout this section, let Z denote either X or 
Y . We work over the ground ring A = t^x- Let 

Hz =i/*,(Z;A)®C((z-i)), 
^z{f,9) = Res^^o {fi-z),g{z))^dz. 

We think of Hz as a sort of 'symplectic vector space', but defined over the ring A 
rather than over a field. Hz is a free graded A-module, where degz — 2, and Qz 
is a A-linear, A- valued supersymplectic form on Hz- 

Qz{0iz\e2z') = {~if'''^+^nz{92z',eiz^) for 0, e h°r(2;C)- 

There is a decomposition Hz = H^ ffi H^ , where the subspaces 

^t^H^A2:;A)(g>C[z] and H^ ^ z-^ H^^{Z; A) (g) Clz^^j 
are Lagrangian. We can write a general point in Hz as 

oo N oo N 

(14) E E + E E^''^''*''(-^)"'"' 

k=Q a=0 l=Q 6=0 

where $a = (j)a and = 0" if Z = A", and $a = (/^a and <i>° = if Z = Y; this 
defines A- valued Darboux co-ordinates {qk.a,Pi,b} on Ti^:, with qk.a dual to pfe^a- 
Set qk = X^a 9fe,a*J'a: SO that q(z) = qo + qiz + q2Z^ + ■ ■ ■ is a general point in H^- 



The Genus-Zero Descendant Potentials. We consider now the genus-zero de- 
scendant potentials and Ty., which are generating functions for all genus-zero 
Gromov-Witten invariants of X and Y . Set = Ta.a4>a, a = 0, 1, 2, . . . Then 



(15) 

•^^= E E E {''<^^r\r,.r\-.-,ra„r-)ln^,^ 



rfGEff(Ar) n>Oai,...,a„>0 



deEff(Ar) n>0 ai,...,a„>0 

where d = di7r*/3i -!-••• + dsiTi^Ps- The descendant potential is a formal power 
series in the variables Ui, . . . ,Us and Ta.e, 0<e<N,0<a<oo. We show in the 
appendix that in fact depends analytically on tq^i, . . . ,to,s in the domain C. 
Similarly, set ta — ta,a^a, a = 0, 1, 2, . . . Then 

(16) 

E E E {ta,r\t,.r\---,ta^r-)l,,,,^ 

deEff(y) n>0 ai,...,a„>0 
deEfr(y) n>0 ai,...,a„>0 

where d — di(3i -!-••• + dj-Pr- The descendant potential J-^ is a formal power series 
in the variables Qi, ■ ■ ■ ,Qr and to,c, 0<e<A^, 0<a< oo. We will show in the 
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appendix that under convergence assumption 12. 1[ Ty in fact depends analytically 
on to^i, . . . , to,r and Qs+i, . . . , Qr in the domain 

|ioil<oo l<i<s 

(17) 

IQ.e*"-! < i?, s<i<r. 
This will allow us, as before, to set Qs+i = ■ ■ ■ — Qr = 1: we can write J^y as 



JCNx{0,l,2,...,Af}: KC{l,2,...,s} a:J^N\{0} 
Jn{(O,l),(O,2),...,(O,r)} = 6:i<-^N\{0} 

X n n ^ 

{j,e)eJ keK 

where g,j,a-K.b are analytic functions defined in the domain l|17p. and making the 
substitution (fTTjl yields a well-defined power series 



(18) 

r- 



= ^ ^ ^ gXa;A',6(io,l7 • ■ • ,io,r; 1, ■ • ■ , 1 



JCNx{0,l,2,...,Af}: K(l{l,2,---,s} a:J^N\{0} 
Jn{(O,l),(O,2),...,(O,r)} = b:_ft:^N\{0} 



X n n ^ 



0\e)e,/ fceif 



in the variables to.o! ^o,r+i, io,r+2, ■ • ■ , io,7v; ^a,e, 0<e<A^, l<a< cx); and 
Ui, . . . ,Us, with coefficients which are analytic functions of io,i, . . . , io,r defined in 
the domain 

Hq A < oo 1 < « < s 

(19) 

|e*°''|<i?, s<i<r. 

Thus, exactly as before. Convergence Assumption 12.11 allows us to work over the 
Novikov ring A = Ax for X, even when we are thinking about Gromov-Witten 
invariants of Y. 



The Definition of Cx and Cy- We regard the genus- zero descendant potential 

4 



as the germ of a function on Ti^ via the identification 



(20) qk.. 



Ti,o-l (fc,a) = (l,0) 
Tfc a otherwise. 



which we abbreviate as q(z) = t(z) — z. We regard J^® as the germ of a function 



on Tiy via the identification 



(21) Qk, 



ti,o-l (fc,a) = (l,0) 
tk.a otherwise, 



which we abbreviate as q(z) = t(z) — z. The identifications (PH]) and (PT|) are 
examples of the dilaton shift] this is discussed further in [llj . Let = 
Z = X and JF^: = -^^y if Z = F. Wc define Cz by the equations 

dTz <k <oo, 

i9gfc,a < a < A. 

As Tz is the germ of a function on TC^ (depending analytically on some variables 
and formally on other variables), Cz is the germ of a Lagrangian submanifold of 
■Hz- 
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Remark 3.1. The polarization Tiz = © Ti,^ identifies with the A- module 
i'^z)* ■~ Hom(7i2iA) dual to H^, and hence identifies Hz with the cotangent 
bundle T*H^ H\ ('^z)*- Under this identification, Cz becomes the graph of 
the differential of Tz- 

The Gromov-Witten invariants which participate in the definition of Cz satisfy 
a large number of identities: the String Equation, the Dilaton Equation, and the 
Topological Recursion Relations. These identities place very strong constraints on 
the geometry of Lz ■ 

Theorem 3.2 (|15 1 I22 1 [34]). Cz is the germ of a Lagrangian cone with vertex at 
the origin such that each tangent space T to Cz is tangent to the cone exactly along 
zT . In other words: 

(1) if T is a tangent space to Cz then zT C T; 

(2) if T — TxCz then the germ at x of the linear subspace zT is contained in 

Cz; 

(3) if T is a tangent space to Cz and x G Cz then T^Cz = T if and only if 
X e zT. 

In particular, theorem 13.21 implies that each tangent space T to Cz is closed 
under multiplication by elements of C[z] (because zT C T), and that Cz is the 
union, over all tangent spaces T to Cz , of the infinite-dimensional linear subspace- 
germs zT n Cz- It is the germ of a 'ruled cone'. Note that as Cz is the germ of a 
submanifold of Hz , it makes sense to analytically continue Cz ■ 

4. The Crepant Resolution Conjecture 
We are now in a position to make our conjecture. 

Conjecture 4.1 (Coates-Corti-Iritani-Tseng; Ruan). There is a degree-preserving 
C{{z~^)) -linear symplectic isomorphism U : Hx ^ Hy and a choice of analytic 
continuations of Cx and Cy such that iJ (Cx) = Cy. Furthermore, U satisfies: 

(a) l]{lx)^ly + 0{z~^); 

(b) Uo pU = (7r*pU) oU for every untwisted degree-two class p G H {X; C); 

V crJ 

(c) l]{Hi,)®HY =Hy; 

(d) the matrix entries of V with respect to the bases {(j)a} and {^fp}, which a 
priori are elements of A{{z~^)), in fact lie in C{{z~^)). 

Remark 4.2. This conjecture emerged in two different contexts during the "New 
Topological Structures in Physics" program at the Mathematical Sciences Research 
Institute, Berkeley, in the spring of 2006. Conversations between the authors led to 
the idea that the relationship between the quantum cohomology of X and Y should 
be expressed as the assertion that U{Cx) = Cy for some C((z~-^))-linear symplectic 
isomorphism U. At the same time, guided by mirror symmetry, Hiroshi Iritani found 
such a symplectic transformation in toric examples (as a part of a project jl3j with 
Coates, Corti, and Tseng). Condition (c) here is a stronger version of the condition 
(c) given in [THl §5]. We will need this stronger version for the Cohomological 
Crepant Resolution Conjecture below. 

Remark 4.3. Variants of coni ect ure 14.11 applv to the G-equivariant quantum coho- 
mology of G-equivariant crepant resolutions, and to crepant resolutions of certain 
non-compact orbifolds (c./. 7]). We leave the necessary modifications to the reader. 
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What Do The Conditions Mean? Without condition (a) any non-zero scalar 
multiple of U would also satisfy the conjecture, because Cx and Cy are germs of 
cones. The fact that U is degree-preserving forces U(lAr) = Aly + 0(z^^) for some 
scalar A, and so condition (a) just fixes this overall scalar multiple. 

Condition (b) is a compatibility of monodromy. The A-model connection — a 
system of differential equations associated to the small quantum cohomology of Y 
[m §8.5] — is regular singular along the normal-crossing divisor Q1Q2 ■ ■ ■ Qr = 0, 
and the log- monodromy around = is given by cup product with ipf, a similar 
statement holds for X. Condition (b) asserts that U matches up these monodromies. 

Condition (c) ensures that both the quantum cohomology of X and the analytic 
continuation of the quantum cohomology of Y make sense near the large-radius 
limit point for X. This is explained in detail in Remark 16. 181 below. 

Condition (d) says that U is 'independent of Novikov variables'. 

5. Basic Properties of the Transformation U 

Before we explore the implications of coniecture l4.11 we list various basic proper- 
ties of the transformation U. As we have chosen homogeneous bases for H*-^{X; C) 
and H*{Y; C) and as U is grading-preserving, we can represent the transformation 
U by an (TV -|- 1) x (N + 1) matrix, each entry of which is a Laurent monomial in 
z of fixed degree. The matrix entries are independent of Novikov variables, so each 
entry is the product of a complex number and a fixed power of z. U is therefore a 
Laurent polynomial in z. For example, ii X = P(l, 1, 1, 3), Y — F3, and we choose 
bases as in JJi,, then 



U = 



/ 


1 






















1 






















1 

























3r(i)3'^ 


2^-n 

3r(|)3 




3 ^ 











3r(i)3 


27r2 ^-1 

3r(|)3-^ 


V 


-8C(3)z-3 








1 


2y37r3 „-l 
9r(i)3^ 


9r(§)3'^ 



This illustrates the fact that even if the Gromov-Witten invariants of X and Y are 
defined over Q, the transformation U may only be defined over C. Note that some 
of the matrix entries here are 'highly transcendental'. 

Lemma 5.1. Suppose that uji £ H^-^{X;C). Then: 

(a) U(uj2r) = z^Po + 0{z^^^) for some Pq E H'^{Y;C), and if po ^ then r = ; 

(b) U(cj2r+i) = z^Pi + 0{z^^^) for some pi G H^(Y;<C), and if pi 7^ then 
r = 0. 

(c) U(ijJ2r+2) ^ z"^' p2 + 0{z'^'^^) for some p2 G H'^{Y;C), and if p2 ^kerTri then 
r = 0. 

Proof, (a) As U is grading-preserving, lJ{uj2r) = z'^Xly + 0{z'^^^) for some A G C. 
Write D = dime (A") and suppose that X ^ 0. Then, as X is Kahlcr and as the 
map TT* : H*{X;C) H'(Y;C) is injective, there exists lo G H^{X;C) such that 
(7r*w)^ G iJ2^(y;C) is non-zero. We have 

D 

^ CR CR CR. ' 

and hence (wU )^ U uj2r 7^ 0. For degree reasons, r must be zero. 

OR CR 

(b) As U is grading-preserving, U(a;2r+i) = z^Pi + 0{z^^^) for some pi G 
H'^iY; C). As TT* : H^{X- C) ~* H\Y; C) is an isomorphism, we have pi = 71*6*1 for 
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some 01 e H^{X;C). Suppose that pi ^ 0. By Hard Lefschetz for H'{X;C) (or- 
dinary cohomology not Chcn-Ruan cohomology) , there exists lu € H'^{X;C) such 
that uj^-^9i e H'^^-^{X;C) is non-zero. Injectivity of vr* gives {t:*lo)^-'^pi ^ 0, 
and so 

D-l 

^ CR CR CR. 

As before, this forces r — 0. 

(c) As U is grading-preserving, U((jJ2r+2) = z^P2 + 0{z'^~^) for some p2 S 
H'^{Y;C). Suppose that p2 ^ kerm. Then there exist uj,uj' G H'^{X;C) such 
that ■K\p2 U Lo^~'^ U w' 7^ 0; here we used the non-degeneracy of the Poincare 
pairing and Hard Lefschetz for H*{X\ C). Thus jy P2 U ■k*uj^^'^ U 7r*ti>' ^ 0, and so 

U(w2r+2) U 7r*tJ-°-2 y 7^*^' 7^ 0. But 

D-2 

i]{uj2r+2) U 7r*tJ-°"^ U 7r*tj' =U(wU---UwUw'U W2r+2) 

CR CR CR CR 

and as this is non-zero we must, for degree reasons, have r = 0. □ 
Lemma 5.2. Suppose that U sends to Tiy, so that 

V = Uo + Uiz-^ + • • • + Ukz-'' 

for some non-negative integer k and some linear maps Ui : H*^(X; C) — > H*{Y; C). 
Then: 

(i) Uq is grading-preserving; 

(ii) Uo maps Ix to \y; 

(iii) Uo maps peH^{X;C) toTr*p€ H^{Y] C); 

(iv) Uq identifies the orbifold Poincare pairing on H*j^{X; C) with the Poincare 
pairing on H*{Y;C). 

Proof, (i) U is grading-preserving. (ii) conjecture I4.ir a). (iii) conjecture I4.1f b). 
(iv) U is a symplectic isomorphism. □ 

6. From Givental's Cone to Quantum Cohomology 

Since Cx encodes ah genus-zero Gromov-Witten invariants of A", it imphcitly 
encodes the big quantum product for X. In the same way, Cy encodes the big 
quantum product for Y. In this section we describe how to determine the quantum 
products from Cx and Cy, using the geometric structure described in theorem 13. 21 
The big quantum products can be regarded in three different ways: 

(1) as families of Frobenius algebras, since 

{u-kv,w^ =(^u,v-kvuj and (^u'®v',u)'^ =(^u',v'®w'^ 

for aU u,v,we H'^{X;C) and u',v\w' e H'{Y;Ax). 

(2) as F-manifolds. An F-manifold is, roughly speaking, a Frobenius manifold 
without a pairing. It is a manifold equipped with a supercommutative 
associative multiplication on the tangent sheaf and a global unit vector 
field such that the multiplication o satisfies 

(23) Liexoy (o) = Xo Ucy{o) +Y o Liex(o) 

for any two local vector fields X and Y. F-manifolds are studied in P51l24j . 
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(3) as Frobenius manifolds. A Frobenius manifold is a manifold M equipped 
with the structure of a unital Frobenius algebra on each tangent space T^M 
such that the associated metric on TM is flat, the identity vector field is 
flat, and certain integrability conditions hold (these include the celebrated 
WDVV equations). Frobenius manifolds are studied in [17,28 . 

Once again, write Z for either X or Y. In this section, we will see how to pass from 
Cz to: 

(1) a family of Frobenius algebras. This family is intrinsic to Cz in that it 
depends only on the symplectic space Hz and on Cz C Hz satisfying 
the conclusions of theorem 13.21 it is independent of the polarization Hz = 
H'^ H^ used to define Cz ■ 

(2) an F-manifold. This depends, up to isomorphism, only on Hz, Cz, and a 
choice of point on Cz ■ 

(3) a Frobenius manifold. This depends on Hz, Cz, a point x of Cz, and a 
choice of opposite subspace H'^^ C Hz- Choosing x € Cz appropriately 
and taking H°£^ = H^ gives the Frobenius manifold corresponding to the 
quantum cohomology of Z; we explain this in ^d-e) below. 

Once we understand points 1-3 here, we will see how conjecture 14.11 implies 
previous versions of the Crepant Resolution Conjecture. If the symplectic trans- 
formation U maps to Hy then we obtain from point 3 above an isomorphism 
between the Frobenius manifolds defined by the quantum cohomologies of X and 
Y. The Hard Lefschetz condition postulated by Bryan-Graber in [7] implies that 
U(7i^) = Hy (this is theorem 5.4 in P^), and so coni ect ure 14.11 implies the Bryan- 
Graber version of the Crepant Resolution Conjecture. This is discussed further 
in ^ In general U will not map H^ to Hy — in other words, some of the ma- 
trix entries of U will contain strictly positive powers of z — and so U will not 
induce an isomorphism between quantum cohomology Frobenius manifolds. From 
point 2 above we still obtain, however, an isomorphism of F-manifolds. If X is 
semi-positive then more is true, and we obtain an isomorphism between the small 
quantum cohomology algebras of X and Y which preserves the Poincare pairings. 
This is something very like Ruan's original Crepant Resolution Conjecture, and we 
discuss it further in Sj8l Finally, without any additional assumptions on A" or y (no 
Hard Lefschetz, no semi-positivity) we obtain from point 1 above something very 
like the Cohomological Crepant Resolution Conjecture; we discuss this in ^JT] 

The ideas presented in this section are due to Barannikov and Givental. Closely- 
related discussions can be found in [SlfT^I^. 

6.1. Prom Givental's Cone to a Family of Frobenius Algebras. Given Cz C 
Hz satisfying the conclusions of theorem 13.21 and a point x € Cz , the quotient 
Tx/ zTx, where Tx — T^Cz, inherits the structure of a Frobenius algebra as follows. 
The A-bilinear form 

A 

is symmetric and vanishes whenever v or w lies in zTx, so it descends to give a 
symmetric bilinear form 

(24) g{v + zTx,w + zTx) =VL{v,z''^w) 

on Tx/zTx- This form is non-degenerate as Tx is maximal isotropic. Choosing a 
Lagrangian subspace V such that Hz = Tx®V — one could, for instance, take 
V — — identifies V with T* := Ilom{Tx, A) and Hz with the cotangent bundle 
Tx®T*. As Cz is Lagrangian, there is the germ of a function : T^^ ^ A such that 
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— and that Lz coincides, in a formal neighbourhood of a;, with the graph of 
the differential of (\>. The third derivative (i?'(^\x defines a cubic tensor on Tx\ it is 
easy to see that this is independent of the choice of V . Theorem 13.21 implies that 
(\) vanishes identically along the germ of zT^ C T^, and as d?'(\)\x(u-,v,w) vanishes 
whenever one of u, w, w lies in zT^ we obtain a cubic tensor c on T^j zT^'- 

c(u + zTx,v + zTx, w + zTx) = d^(j)lj:iu, V, w). 

The tensors c and g together define a supercommutative product * on T^/zT^, via 

g(^{u + zTx) *{v + zTa:),w + zTx^ = c{u + zTx, V + zTj;, w + zTx). 

The product ★ automatically has the Frobenius property with respect to g. We 
will see in the next section that it is associative and unital; the unit depends upon 
the point x £ Lz, so even if the tangent spaces T^^ — T^^Hz and T^^ = T^^^Lz 
coincide, the algebra structures on T^^/zTx^ and T^^/zT^^ will in general differ. 
Thus we have obtained from Cz a vector bundle 

TCz/zTCz Cz 

such that the fibers of this vector bundle form a family of Frobenius algebras. 

Remark 6.1. The construction here resembles the construction of the Yukawa 
coupling in the B-model of topological string theory associated to a Calabi-Yau 3- 
fold (see [IQ and e.g. [20t §6]). This is not an accident. The tangent spaces T to Cz 
form a variation of semi-infinite Hodge structure in the sense of Barannikov [S], and 
part of the power of Barannikov's theory is that it can describe A-model phenomena 
(like quantum cohomology) and B-model phenomena in the same language. 

Remark 6.2. If we take A" to be a manifold, Z — X ^ V = 7i^, and the point 
X e Cx to be Jx{T^ —z), defined in ^JH^d) below, then the function-germ (p described 
above is Givental's genus-zero ancestor potential of X [211 §5]. 

6.2. Prom Givental's Cone to an F-Manifold. Given Cz C H-z satisfying the 
conclusions of theorem 13.21 and a point x € Cz , we construct an F-manifold as 
follows. Let = T^Cz and choose a Lagrangian subspace V C Tiz such that 
Jiz ^ Tx ®V. Let M = Tx n zV. Our F-manifold will be based on a formal 
neighbourhood of the origin in M . 

As Cz is the graph of a germ of a map from to V , there is a unique germ of 
a function K : M ^ Hz such that K{t) E Cz and K{t) — x -\- 1 -\- v{t) for some 
v(t) G V. Choose a basis eo, . . . ,ejv for M and denote the corresponding linear 
co-ordinates on M by ta, < a < A^. 

Proposition 6.3. Fort in a formal neighbourhood of the origin in M , the elements 
dK 

(25) —{t) + zTKit), a = 0,l,...,Af, 

form a basis for TK(t)/ zTK(t). 

Proof. It suffices to prove this at t = 0. But A'(0) = x and, since is tangent to 
Cz at x, 1^(0) has no component along V: f|^(0) = e^. So we need to show that 

Ca+zTa; a = 0, 1, . . . , A^, 

form a basis for T^/ zT^. This holds because Tiz = zTx®zV, and so the projection 
M ~ Tx D zV Tx/zTx is an isomorphism. □ 
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Thus for t in a formal neighbourhood A/o of the origin in A/, the map DK\t : 
TtM Tx(t)l zTx(t) is an isomorphism. Pulling back the Frobenius algebra struc- 
ture defined in the previous section via the map DK gives a pairing 



^ , ' dK , , 1 dK , , 



and a symmetric 3-tensor 



, , ^ , d'^K , ^ dK , ^ 



on TiMq. Denote the induced product on TfMo by o^: 

where Caf3j{t) = c^^''{t)g^^(t). 
Proposition 6.4. 

(a) VuotvK{t) + zTx(t) — ~zV vK{t) + zTx(t), where V„ = """gf" denotes 
the directional derivative along u = u^Bq. 

(b) The tensor c^^'^(t)ce-ysit) is symmetric in a, (3, 7, 5. 

(c) The product oj is associative. 

Proof. As c^i3a{t) = c^f^''{t)g^^{t), we have 

The pairing (I24p is non-degenerate, and (|25p is a basis for Tx(t)/ zTj^(^i), so 

(26) - z^^it) + .r,(, = c^,\t) — it) + zT,,, 

This proves (a). Theorem 13.21 implies that if y{t) G then z^{t) € too, 

so differentiating (pS)) yields 

9^ if „ 92 7^ 



^2 



dK 

Co.p{ty.-t'{i)^^it) + zTK(ty 



Thus c^i3^ {t)c^^^ (t) is symmetric in a, 7. As Cc-y5(i) is symmetric as well, part 
(b) follows. Part (c) is an immediate consequence of part (b). □ 

So far, we have constructed a family of supercommutative associative products 
on the fibers of TMq, depending on Cz C Tiz, a point x G Cz, and a Lagrangian 
subspace V . To prove that this makes A/q into an F-manifold we need to show 
that the algebras {TiMq^oi) are unital and that the integrability condition ((^S]) 
holds. After that we will show that, up to isomorphism, the F-manifold we have 
constructed is independent of the choice of Lagrangian subspace V . 

Define a vector field e on A/q by 

Ve(t)if(i) + zTkh) = -z-'Kit) + zTK(t)- 
This makes sense, as z^^K{t) G ?i<-(t) by theorem 13.21 
Proposition 6.5. e{t) is the identity element in the algebra (Tt(Afo), o*)- 



16 



TOM COATES AND YONGBIN RUAN 



Proof. Let v be any vector field on Mq. Then 

and so e(t) v[t) ~ v{t). □ 

Corollary 6.6. The product on T^/zT^ constructed in ^^a) is associative and 
unital. 

Proof. Set t — Q \ii propositions 16.4( c) and 16.51 □ 
Proposition 6.7. The triple (A/o,o,e) is an F-manifold. 

Proof. It remains only to establish the integrability condition ([25]) , and for this the 
argument of [211 §2] applies. The essential ingredients there are proposition 16. 4r b) 
and that the quantity -^Cai3^{t) is symmetric in a, /3, 7, 5: the latter assertion holds 
here as -^Cap-yit) is the fourth derivative of a function (j) : Mq ^ A. □ 

Proposition 6.8. Suppose that Cz C TLz satisfies the conclusions of theorem \3.'^ 
that X e Cz: that = T^Cz, and that V, V C Hz are Lagrangian subspaces such 
that T,j; (B V — Tx (B V = Tiz- Let (Mo,o,e) and (A/qjo', e') he the corresponding 
F-manifolds, and 

K-.Mo^Hz, K'-.M'q^TLz. 

he the corresponding functions (constructed just above vrovosition \6 .3\) . Then there 
is a unique map f : Mq — > Mq and a unique section w of K*TCz ('i.e. a unique 
choice of w{t) e Tx(t)^z) such that 

(27) K'{f{t)) ^ K{t) + zw{t), forallteMo. 

The map f gives an isomorphism of F-manifolds between (A/0,0, e) and (AfQ,o',e'). 

Proof. Let tt' : Tiz — > T^ denote the projection along V' , and for y e Cz write 
Ty = TyCz- Recall that Mq, Mq are formal neighbourhoods of the origins in 

M ^T^n zV, M' = n zV' 

respectively, and that K{t), K'{t') are the unique elements of Cz of the form 

K{t) =x + t + v{t), K'{t') = x' + t' + v'{t'), 

where t e Mq, v{t) €V,t' € M^,, and v'{t') e V . 

We begin by showing that, for all t € Mq, T^ = -k' [zTK{t)) © M' . It suffices to 
prove this at t = 0, and since K{Q) = a; we need to show that T^ = zT^ ® M' . This 
follows from the fact that the projection M' Tx/zT^ is an isomorphism (c./. the 
proof of proposition lO)) . So T^ = 7r'(zT^(j)) ® M' for aU t e Mq. 

There is therefore a unique element w{t) € TK{t) such that 

tt' [K{t) + zw{t)] ex + M'. 
Theorem 13.21 implies that K{t) + zw{t) e Cz^ and so setting 

f{t) =T:'[K{t) + zw{t)\ -X 

gives a map / : Mq Mq such that 

K'ifit))^K{t) + zwit). 

This shows existence of a map / : Mq — > Mq and a section w of K*TCz satisfying 
(P7)) : uniqueness is clear. 

It remains to show that / gives an isomorphism of F-manifolds. Note first that 
^if(t) = TK'(f(t)y theorem 13.21 imphes that K{t) e zTx(t)i so K'{f[t)) is also in 
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zTK{t), and so TK(t) = TK'(f(t)) by theorem[33] again. Write T = TK(t) = TK'(f(t))- 
Using proposition 16.31 we can write w{t) T uniquely in the form 

(28) w{t)^Wgt^t)K{t) + zhit) 

for some vector field g on Mq and some element h(t) G T. Thus for any vector field 
V on AIq, 

Vf^,(t)K'{f(t)) + zT = V,^t){K{t) + zwit)) + zT 

= Vyit)K{t) + zV,^t)ygit)K{t) + zT 

(29) = V,(i)i^(t) + ^y(t).,git)K{t) + zT. 

As the maps DK\t : TtMo -> T/zT and DK'\f(t) : r^(t)Af^ T/zT are isomor- 
phisms, equation (I29p determines the pushforward /^.u. Differentiating again, along 
a vector field w on Mq, gives 

z^f,vit)^f,w{t)K'{f{t)) +zT ^ z\Jy(t)^^(f^K{t) + 2:V„(t)V„(f)ojg(t)i^(t) + zT, 

and hence 

^ U*<t))o'j^^^(f,w(t))K' {f{t)) +ZT = Vv(t)otw(t)K{t) + V„(t)ottu(t)otg(t)-ft^(0 + zT . 

Comparing with dm , we find 

U(v{t)o,w{t)) = i^Uv{t)) o'^(,) (A«;(i)). 

The map / is certainly invertible (this follows from uniqueness) and so / gives an 
isomorphism of F-manifolds. □ 

Remark 6.9. It was pointed out to us by Hiroshi Iritani that the arguments in 
this section show that the moduli space of tangent spaces to Cz carries a canonical 
F-manifold structure; see [O', §2.2] for a different point of view on this. 

6.3. From Givental's Cone to a Probenius Manifold. Consider Cz C 7iz 
satisfying the conclusions of theorem [X^ and x ^ Cz- As before, write = T-xCz- 
To construct a Frobenius manifold, we need to choose also an opposite subspace at 

X. 

Definition. Let x G Cz- A subspace 7i°PP C TCz is called opposite at x or opposite 
to Tx if 7^°PP is Lagrangian, © H°pp = Hz, and z~^n°'PP C H°pp. 

For example, Ti.^ is opposite at x for all x G Cz- Our Frobenius manifold will 
be based on a formal neighbourhood of zero in z7i°PP/7i°PP. 
We note the following immediate consequence of oppositeness. 

Lemma 6.10. //7i°PP is opposite to then the projections 

(30) zn°pp n Tx 



Tx/zTx zn°pp/n°pp 

are both isomorphisms- □ 

Consider the 'slice' {x + 27i°PP) n Cz- This is the germ (at x) of a finite- 
dimensional submanifold of Cz, and lemma [6.101 implies that the map 

p: {x + zn°^p) nCz^ zn°pp/n°pp 

^^^^ y^y^x + H°PP 

has bijective derivative at x- Thus there is a map from the formal neighbourhood 
No of zero in zH°pp/H°pp, 

(32) J:No^{x + zH°PP) n Cz 
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such that p o J — id. If we identify Nq with a formal neighbourhood of the origin 
in zH"^^ n via the isomorphism tt in ([Sn|l , then 

J{t) x + t + h{t) 

for some h{t) E 7i°PP, and so J coincides with the map K defined in ®b) by taking 

V = H°pp. 

As in ^jn^b), the derivative DJ\t : TfNo Tj(^fj/ zTj(^f-^ is an isomorphism for all 
t G Nq. Pick a basis eg, . . . , e^r for zH"^^ n and denote the corresponding linear 
co-ordinates on A'o, produced using lemma [B.lOl hy ta, < a < N. Pulling back 
the Frobenius algebra structure on Tj(^t)/zTj(^t^ defined in SJHa) along the map DJ 
gives a pairing 

and a symmetric 3-tensor 

on Tf No. We again denote the corresponding product on TtNo by and the identity 
vector field, constructed in proposition 16. 5[ by e. As before the product can be 
determined by differentiating J{t), but this time the relationship between and 
J{t) is more direct: 

Proposition 6.11. VuotvJ{t) — —zVyVvJ{t). 
Proof. Proposition 16. 4r a) shows that the quantity 

(33) V J{t) + zV J{t) 

lies in zTj(^t)- On the other hand J{t) = x + t + h{t), where t e zH"^^ D and 
h{t) e H°PP, so (IMl) hes in zH°pp. As zH°pp n zTj(^t) = {0} for all t G A^o, the 
statement follows. □ 

Proposition 6.12. The quadruple {NQ,o,e,g) is a Frobenius manifold. In other 
words: 

(a) each tangent space (TtA^o,°t) is a unital supercommutative Frobenius alge- 
bra; 

(b) the metric gap{t) is fiat and the co-ordinates to, . . . ,tN are fiat co-ordinates; 

(c) the identity vector field e is flat; 

(d) Cai3-y{t) is the third derivative of some function (j) : Nq — > A. 

Proof. Part (a) was proved in [JUb). Part (d) is immediate from the construction 
of the tensor c. For (b) we have 

8 J 

(34) T—{t)^ea + ha,{t), where e„ G zW°PP and /i„(i) G :^°PP, 

Cfta 

and so 

gapit) = ^1(^60 + ha{t), z^^ep + z^^hf3{t)j . 

As H°PP is Lagrangian and ^-^^"pp C H°pp, gafsit) = n^ea^ep) is independent of 
t. This shows that g is flat, and that {ta} are flat co-ordinates. 

For (c) we need to show that e{t) is constant in flat co-ordinates. In view of ((M)) . 
we need to show that Ve(t) J(i)-|-7i°PP is constant with respect to t. Proposition l6.11l 
shows that zS/e{t)'^v{t)J{t) — V„(t) J(i) for any vector field v on Nq, and hence that 
Ve(t) J(t) = z^^J{t) + C for some C independent of t. Thus 

^,i^t)J{t) + n°^'' ^z'\x + t + h{t)) + c + n°'^'p 
= z-'^x + C + rL°^'p 
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is independent of t. This completes the proof. □ 

6.4. Example: the Quantum Cohomology of X. We now show that if we 
take X to be the point £x H (— z + H^) and set — H^, then the Frobenius 

manifold constructed in the previous section is the quantum cohomology Frobenius 
manifold of X. Set r — Ta4>c„ and consider the element Jx{t, —z) of Cx such that 
its projection to along Ti.'^ is equal to —z + t. We call Jx{t^ —z) the J -function 
of X. It is obtained by substituting ro,a = Ta, < a < TV; Tk,a = 0, < a < A^, 
Q < k < oo: and 



Pi,b = — 
into (O, via (Uni). Thus 



^ ^(T,...,T,,^fcV')iI;„+i,d^ 



■(2) = T dgEff(A') Tl>0 



J^(t,-z) = -z + t+ ^ ^ ^ (t, . . . , r, ^e^')l^_^_,^^ nH-ty+^ 



we abbreviate this to 



X TTd±<i 



Mr.-z) = -z + r+ Y: E(-'---'-'zfr^> V- 

Jx{t^ —z) is an element of Cx — a formal power series in variables tq, . . . , r^r taking 
values in Tix — which depends analytically on ri, . . . ,rs in the domain C*. We 
can see this analyticity explicitly: 

Proposition 6.13. 

Jx{t-, -z) = c^'^'^/^x 

/ / Ud^d^r^,,.^d^r^^e ^ 

V deES(X)n>o\ ^ V / 0,n+l,d / 

where Ttwo a'f^ T-rcst are defined in ([7]). 

Proof. This follows easily from the Divisor Equation, as in [14[ lemma 2.5]. □ 

Our Frobenius manifold is based on a formal neighbourhood N^^X) of the origin 
in zTL^/Ti.^ ^ A). Choose a point x e /^at n (— z + z'W^) and write 

X = —z + (T + /i_ with a G H*^(X; A) and /i_ G Then the map p defined in 
(ISTI) satisfies 



and so the map J defined in (I32p is 

J(t) = Jx{(T + T,-z). 

The basis (/)o, . . . , (j)N for A) gives co-ordinates Ta, < a < N, on A*o(A') 

and these are flat co-ordinates for the Frobenius manifold: 

5a/3(T) = q(^^{t + a,-z),z~^^^^{T + a,~z) 

= il{(f)a + ha, z^^cj)^ + z^^hfj^ where ha, hp G TL~^ 

= 't>l3)x- 
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To calculate the structure constants of the product o,., we will need 

{(7 + t) = + ha 



dTa 

{X)n>0 

+ z~^hp^ 
for some ha, hp^ S 7i^; this gives 

deES(X) n>0 
OTaOTpOT^ 

Thus the product on the Frobenius manifold is a shifted version of the big 
quantum product for X: 

(35) V w = V -k w. 

cr+r 

We have proved: 

Proposition 6.14. The Frobenius manifold produced from Cx C TLx by choosing 
X — Cx n {~z + (T + where a £ H'-^^{X; A), and 7i°PP — TC^ is the Frobenius 

manifold corresponding to the quantum cohomology of X with the product 'shifted' 
by a. It has flat metric given by the orbifold Poincare pairing (•, and product 
given by the shifted big quantum product psp . In particular, choosing a — Q gives 
the usual quantum cohomology Frobenius manifold for X. □ 

For later use, we note a stronger version of proposition 16.31 

Proposition 6.15. For all t G iVo(A'), the elements 

7r^(T,-z) a = 0,l,...,N 

form a A[z]-basis for Tj^(^__2). 

Proof. Every element of Tj^(^t,-z) can be uniquely written in the form + /i_ for 
/i+ G TiJ, /i- G Ti^. The element h+ is a polynomial in z. Since ^^(r, — z) = 
4'a + h'_ for some h'_ G 7i^, since {(f>a} is a A-basis for II*^{X;A), and since 
Tj^f^T_z) is closed under multiplication by z, the result follows by induction on the 
degree of □ 

We will also need to know the behaviour of Jx{t, ~z) as r approaches the large 
radius limit point of X . 

Proposition 6.16. Write r = rtwo + Trest, as in Q- -^s t approaches the large 
radius limit point for X , 

RcTi — > —oo, 1 < i < s, 

Ti — > 0, i ~ Q and s < i < N , 

Jx{t,—z) —^e""^'""/^ and the tangent space Tj^^t ^^) ~^ e~'^*""°^^Ti'i^ . 
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Proof. Look at proposition 16.131 As r approaches the large radius hmit point, all 
terms in Jx{t, —z) with d and all terms involving Tiost vanish. Thus 

Jx{t, -z) ^ -ze-^'™/^ and ^(r, -z) ^ 0,e-^'™/^ 

As 'rj_^,(^ is the A[z]-span of |f^(T, -z) : < a < 7v|, it follows that 

□ 

6.5. Example: the Modified Quantum Coliomology of Y . We now show 
that, as one might expect, the Frobenius manifold constructed from Cy C TLy by 
choosing x € Cy n ( — z + zTiy) and — Hy is the Frobenius manifold based 

on the modified big quantum product ® for Y. The argument is very similar to 
that in the previous section, but there are some additional complications caused by 
our having made the substitution 



(36) 



I <i <s 
1 s < i < r. 



Set t = taipa and let ttwo and fj-ost be as in Consider the element J®(i, —z) 
of Cy such that its projection to Hy along Hy is equal to —z + t. This is the 
modified J -function of Y. It is obtained by setting to, a = ta, < a < N; t^^a = 0, 
0<a<A^, 0<fc<cx); and 



Pi,b - 



dt, 



Lb 



t(^)=* (ieEff(y)n>0 



in and then making the substitution ((551) . Before making the substitution 

(|551) we have 



deES{Y)n>a ^ ^ ' 0,n+l,d 

and using the Divisor Equation, as in proposition 16.131 we can write this as 

1^, \^ Q'^e'^i*! • • •e'''-*'-(^" 



J®(t,-z) = e-*-°/^( -z + W,+ 



deEff(y)n>0 ^ "''/0,n+l,d 

Thus 



^ ^ ^ ^ \ ^rcst I ■ ■ ■ J in 
deEff(y)n>0 ^ - r / 0,ri+l,d 



; 'rest 1 , 

-z — ip 



where d = di(3i + • • • + drPr- The modified J-function J® {t, —z) is an element of 
Cy which depends formally on the variables to, ^r+i, ir+2, ■ • • , and analytically 
on ti, ... ,tr in the domain (|12|) . It is the unique element of Cy of the form 

~z + t + h_{t) with h^{t) eHy. 

The Frobenius manifold we seek is based on a formal neighbourhood No{Y) of 
the origin in zHy/Hy = H*{Y;A). Choose a point x G £y n (— z + zHy) and 
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write X = —z + s + h'_ with s e H'{Y; A) and h'_ E Hy- Then the map p defined 
in (1^ satisfies 

p o J®(s + t, —z) = t, 
and so the map J defined in (|32p is 

J{t) = J®(s + t,-z). 

Now, using the co-ordinates to, . . . ,tN given by the basis ipo, . . . , ipN for H*{Y; A) 
and arguing exactly as in ^d), we find that the fiat metric on No{Y) is given by 
the Poincare pairing: 

and that the structure constants of the product o^. are 

Thus the product o^. on the Frobenius manifold No{Y) is a shifted version of the 
modified big quantum product for Y: 

(37) V o^w = V ® w. 

s+t 

We have proved: 

Proposition 6.17. The Frobenius manifold produced from Cy C Tiy by choosing 
X = Cy n (— z + s + Tiy) , for some s £ H*{Y; A), and Ti°^'P = Tiy is the Frobenius 
manifold corresponding to the modified quantum cohomology of Y with the product 
'shifted' by s. It has flat metric given by the Poincare pairing (•, •)y and product 
given by ([37|) . □ 

Remark 6.18. We now explain why condition (c) in conjecture 14.11 ensures that 
there is a neighbourhood of the large-radius limit point for X in which both the 
big quantum product -k for X and the analytic continuation of the modified big 
quantum product ® for Y are well-defined. Let us write Vi it V2 if and only if 
Vi ® F2 = Hx, so that condition (c) is the assertion Ti^ U^^iHy)- In Wi^) 
we saw that by choosing x G Cx of the form x — —z + a + h^, where a G 
H*^{X;A) and /i_ G H'^, and taking opposite subspace H°pp = H'^ we obtain a 
Frobenius manifold with product a shifted version of the big quantum product for 
X: V w ~ V ★ w. Suppose now that conjecture im holds. In proposition [B. 171 

(7 + T 

we saw that by choosing y G Cy of the form — z + s + h'_, where s G H*{Y;A) 
and h'_ G Hy, and taking opposite subspace = Tiy we obtain a Frobenius 

manifold with product v w = v ® w. The analytic continuation of Cy chosen 

s+t 

as part of conjecture 14. II defines, via proposition 16.171 an analytic continuation of 
the product ® . (Here we analytically continue ® in s; the variable s determines 

s+t s+t 

and is determined by the basepoint y = — z + s + h'_ G Cy.) We can obtain this 
analytically continued product either by choosing y in the analytic continuation 
of Cy and taking opposite subspace 7i°PP = Hy or — and this is equivalent via 
y = lJ{x) — by choosing x G Cx and taking opposite subspace H°pp = U^^(7iy). 
For this to give a Frobenius manifold, we need l]{Hy) to be opposite to — T^Cx', 
in other words we need (h U^^(Hy). Let x = Cx n (— z + a + H^). We know 
from proposition 16.161 that as a approaches the large-radius limit point for X, 
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e-'^^-^/'^n"^. But 

and this holds by coniecture I4.1f c). Thus for a in a neighbourhood of the large- 
radius limit point for A", fti U^^(7iy) and so both the Frobenius manifold defined 
by the big quantum product for X (basepoint = a; G Cx, Ti"^^ = Ti.^) and the 
Frobenius manifold defined by the analytic continuation of the modified big quan- 
tum product for Y (basepoint = x, 7i°PP = lLJ^^(7iy)) are well-defined. 

7. A Version of the Cohomological Crepant Resolution Conjecture 

The Cohomological Crepant Resolution Conjecture describes a relationship 
between the Chen-Ruan cohomology ring of X and the small quantum cohomology 
ring of the crepant resolution Y. Conjecture 14.11 implies such a relationship, as we 
now explain. The family of Frobenius algebras constructed in ^a) depends only 
on the submanifold-germ Cz and the symplectic space Tiz ■ The transformation U 
from coniecture 14.11 which is a C((2))-linear symplectic isomorphism and satisfies 
\]{Cz) = ^Y, therefore induces an isomorphism between the families of Frobenius 
algebras 

TCx /zTCx Cx and TCy /zTCy Cy 

By choosing x € Cx appropriately — by taking a; = Cx H (— z + tr + 7i^) and 
letting a approach the large-radius limit point for X — we can obtain the Chen- 
Ruan cohomology of X as the Frobenius algebra T^/zTx- Let y £ Cy be such 
that y = V{x), and let Ty denote the tangent space TyCy. Then U induces an 
isomorphism of Frobenius algebras T^j zT^ = Ty/zTy, and this expresses the Chen- 
Ruan cohomology ring of X in terms of the quantum cohomology of Y. 

Let a e H^{X;C) and let x = Cx n {-z + a + Hx)- Then T^/zT^ is isomorphic 
as a Frobenius algebra to the quantum cohomology of X, (H*-^{X; A),-k) . As cr 

approaches the large-radius limit point for X, therefore, T^/zT^ approaches the 
Chen-Ruan cohomology ring (^H'^{X; A), u) — see the discussion below equa- 
tion H Let y = Vix). 

Proposition 7.1. As a approaches the large-radius limit point for X 

y -> Jy(7r*cr -I- c, -z), 
where lJ{lx) = ly - cz'^ + 0{z-'^). 

Proof. We have x — Jx{(y,—z) so, by proposition 16.161 x —zeT'"!^ as cr ap- 
proaches the large-radius limit point for X . Thus 

y ^ U(-ze-'"/") 
= -ze''*'"/^U(lAr) by conjecture HUb) 

= —z -f 11*0 + c + h- for some G 7i^. 

There is a unique point on Cy of the form —z + Tr*a + c + h- G 7i^, and 
that is Jy{TT*a + c, — z). Thus as a approaches the large-radius limit point for X, 
y Jy{TT*a + c,—z). □ 
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It follows that as a approaches the large-radius limit point for X , 
(38) Reo-,; -oo, I < i < s, 

the Frobenius algebra Ty/zTy approaches the quantum cohomology algebra 



(39) lim {H'{Y;A), ® 

l<i<s 

By assumption U is grading preserving and so c € H'^{Y;C); let us write c = 

ci^i + ... + Cr^Pr- Note that there is analytic continuation hidden in (j39p : if 

t = tiifii + . . . + tr(pr G H^iY] C) then the product ® is defined as a power series 
t 

(fT^ which converges only when |e*'| < s < i < r. In general t — TT*a + c 
will be outside this domain of convergence. But the analytic continuation of Cy 
defines, via proposition I6.17[ an analytic continuation of the product ® and it is 

„™ t 

this analytically-continued product which we use in (|39p . We compute the limit 
(IM)) as follows. From we have 

deEff(y): 

d=di/3i+---+d,-/3, 

whenever |e**| < Ri for s < i < r; taking the limit HeU — s- —oo, 1 <i < s, gives 

d=(is + i/3s + iH h<ir/3r 

We can obtain the algebra ((5^ which we seek from (|3D]) by analytic continuation 
in tg+i, ■ ■ ■ ,tr followed by the substitution ti — Ci, s < i < r. This proves: 

Theorem 7.2. If conjecture \4. l\ holds then the Chen- Ruan product (J ^ onH*^{X;C) 

can be obtained from the small quantum product ^ for Y by analytic continuation 
in the quantum parameters Qs+i, ■ ■ ■ , Qr (if necessary) followed by the substitution 



(41) 



l<i<s 
s < i < r. 



The small quantum cohomology with quantum parameters Qi specialized like 
this is known as quantum corrected cohomology L32_. In Ruan's original Cohomo- 
logical Crepant Resolution Conjecture, the exceptional Qi were specialized to —1. 
Calculations by Perroni [ST and Bryan-Graber-Pandharipande [8] have shown that 
we must relax this, allowing the exceptional Qi to be specialized to other roots of 
unity. Here, we allow arbitrary choice. It should be noted that the specialization 
Qi = e'^' = e^'^^''*^ is independent of our choice of bases (see ^111 for more on this). 

8. A Version of Ruan's Conjecture 

Ruan's original Crepant Resolution Conjecture (implicit in [32p. as modified in 
light of the calculations of Perroni and Bryan-Graber-Pandharipande, was that the 
small quantum cohomology algebra of the crepant resolution Y becomes isomorphic 
to the small quantum cohomology algebra of X after analytic continuation in the 
quantum parameters Qs+ii ■ ■ ■ , Qr followed by a change-of- variables 

(42) Q, . 

where the uJi are roots of unity. Conjecture 14.11 implies something very like this, at 
least when X is semi-positive, as we now explain. 
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Definition. A Kahler orbifold X is called semi-positive if and only if there does 
not exist d G Eff(A') such that 

3 - dime X < ci{TX) ■ d < 0. 

All Kahler orbifolds of complex dimension 3 or less are semi-positive, as are all Fano 
and Calabi-Yau orbifolds. Semi-positive Gorenstein orbifolds X have the property 
that if ci{TX) ■ d < then all genus-zero Gromov — Wittcn invariants in degree d 
vanish: 

Proposition 8.1. Suppose that X is a semi-positive Gorenstein Kahler orbifold 
and that {Si^p^^ . . • , <^«'(/'"")L.d ^ 0- ci{TX) ■d>0. 

Proof. Suppose not, so that ci{TX) ■ d < 0. Without loss of generality we may 
assume that the marked points 1, 2, . . . , n' carry classes 6i from the twisted sectors 
and that the remaining marked points carry untwisted classes. Let tt : Xo^n,d ~* 
'^Q.n',d be the map induced by forgetting all the untwisted marked points. Then 
((5iV'°^ , ■ ■ • , ^n'ip'^")on d degree-zero part of 

(43) [Xo,n',d] n ( n evlSk j u n ev^4 u [] ^; 

^fc=l ^ ^fc=n' + l k=l 

As X is Gorenstein, we know that degSk > 1, 1 < < where deg denotes the 
age-shifted degree on H*-^{X; C). The non- vanishing of therefore implies that 
the virtual (complex) dimension of Xo,n',d is at least n' , and so 

n' + dime X — 3 + ci{TX) ■ d > n . 

It follows that 

3-dimcA'<ci(TA')-(i<0, 
which contradicts semi-positivity. The proposition is proved. □ 

The small quantum cohomology of X is the Frobenius algebra (iJ* (A"; A),*) 

at T = 0. This is the Frobenius algebra T^/ zT^ where x = Cx H (— z + 7i^) and 
Tx = TxCx- Let y = \]{x) and Ty — TyCy- The map U induces an isomorphism 
between the Frobenius algebras T^/ zT^ and Ty/zTy, and this isomorphism expresses 
the small quantum cohomology of X in terms of the quantum cohomology of Y. 
To see that it relates the small quantum cohomology of X to the small quantum 
cohomology oi Y, we need to calculate y. 

Proposition 8.2. Suppose that X is semi-positive and that conjecture \4.1\ holds. 
Letx ^ Cxn{-z+nx), and define c G {Y ; C) byV{lx) = ly -cz-^ + 0{z-^). 
Then there is a unique element f G H^{Y: C) (8" A, 

/ = fifi H ^ frVr for some /i, . . . , G A, 

such that lj{x) = Jy(c + f^—z). Furthermore, the class f is exceptional: tti/ = 0. 

Proof. Uniqueness is obvious. For existence, we need to find / G H'^{Y;C) A 
such that 

(44) V{x)^-z + c + f + h_ 
for some /i_ G Hy- We have x — Jx{0, —z), so 

(45) x^-z+ Yl Y.(-^)'^"i^'^%^dU'^.^^-'-'- 

deES{x): fc>o 

If we set degU''' = ci{TX) ■ d, degz — 2, and give the Chen-Ruan class <j)e its age- 
shifted degree then x G Hx is homogeneous of degree two. As X is semi-positive, 
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any monomial If^ which occurs in (|l5)) has non-negative degree, and so each term 
(j)fZ~^~^ in (jl5|) has degree at most two. If (j)gZ~''~^ is of negative degree then 
U((/)eZ^'^~"'^) is also of negative degree and so lLJ((/>eZ^'^^"'^) G Hy- If (peZ^'^^^ is of 
degree zero or one then, by parts (a) and (b) of lemma [Q] 1[J(0£Z^'^^^) G Hy as 
well. If (j)tZ~^~^ is of degree two then 

for some exceptional class £ H^{Y; C) and some /i^ G Tiy, by lemma lSTT c). Also, 
if (j)fZ~''^^ is of degree two then deg^e > 4 and k — ^w^ — 2 where We = degcp^. 
Thus 

N ^ 

V{x) = -z + c+ ^ (-1)^^+1 (^"V^"^^') U^be + h- 

ci(TA')-(i=0 

for some /i_ G TYy. Defining 

N ^ 

(46) /= 5^ ^ 

deEff(A'):d5<iO, e=r+l ' ' 

ci(TX)-d=0 

we are done. □ 

We have seen that the small quantum cohomology of X is isomorphic as a Frobe- 
nius algebra to Ty/zTy where y = l]{x). Proposition 18.21 shows that Ty/zTy is 
isomorphic as a Frobenius algebra to 

H'{Y;A), ® 

c+f 

Once again there is analytic continuation hidden here: the product ® is obtained 

c+f 

from the product 

'fie® VP = J2 (^a,¥';3,'^^)^3^,C/^---t/^e'*i*i...e'*'-*'-(p„ 

dGES(Y): 

d=diPi+---+dr.0r 

where t = ti(pi + • • • + tripr G H^{Y\ C) and |e*' | < Ri for s < i < r, by analytic 
continuation in tg+i, . . . ,tr followed by the substitution 

U = Ci + f i 1 <i <r 

where / — fifi + • • • + Jrfir- This proves: 

Theorem 8.3. Suppose that X is semi-positive and that conjecture \4-. 1\ holds. Let 
/ij ■ • ■ J /r G ClC/i, . . . , Us\ be as in proposition \8.'2\ and define c = ciipi-\-- ■ ■+Cripr G 
H'^{Y]<C) by = ly — cz^^ + 0{z^'^). Then the Frobenius algebra given by 

the small quantum cohomology of X is isomorphic to the Frobenius algebra obtained 
from the small quantum cohomology ofY by analytic continuation in the exceptional 
quantum parameters Qs+i, ■ ■ ■ , Qr (if necessary) followed by the change- of -variables 



ff.+f.Ui l<i<s 
gCi+Zi s < i < r. 



(47) 

The conclusion of Theorem 18.31 is almost Ruan's original Crepant Resolution 
Conjecture, except that the changes-of-variables (|42|l and (|47ll differ. As = 
when Ui = . . . = Us — 0, theorem 18.31 is a 'quantum-corrected' version of Ruan's 
original conjecture. The quantum corrections /i, . . . , often vanish — for example 
they vanish whenever X is Fano or when X = [C"/G] , as then the sum on the 
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RHS of (|46p is empty. But fi, . . . , fr do not vanish in general: they are non-zero, 
for instance, when X is the cotangent bundle ifp(i,i,3) [H]. 

9. A Version of the Bryan-Graber Conjecture 
Suppose now that conjecture 14.11 holds and that U : Hx T^-y sends Ti.'Z to 



Tiy, so that 



U = C/o + Uiz-^ + ■■■ + Ukz-^ 



for some non- negative integer k and some linear maps Ui : H*^{X; C) — > H*{Y; C). 
In this case U induces an isomorphism between the Frobenius manifolds defined 
by the quantum cohomology of X and the quantum cohomology of y, as we now 
explain. 

Let X = Cx n {-z + 7ix) and let y = V{x). Then 

^Cyn {-Z + C + Hy) 

where = ^y cz^^ + 0(z^^). Again, write c = ciipi + • • • + Cripr- In view 

of the discussion in ^ U induces an isomorphism between the Frobenius manifold 



(//-.(A-jA),^ 



obtained by taking basepoint x G Cx and using opposite subspace Ti-^^, and the 
Frobenius manifold 



{h'{Y;A), 



c+t 



obtained by taking basepoint y G Cy and using opposite subspace Hy The pa- 
rameters T G i?*r, {X; A) and t G H*{Y; A) here are identified via the diagram 

Cx n {-z + zHx) ^ Cyn{-z + c + zHy) 

Jx(r,-z) 

^^x/H^^^ H'AX;A) H'{Y;A) —^.ny/Hy- 

sot = Uo (r) . Comparing (fT5|l with ^ , we see that the product ® can be obtained 

c+t 

from the big quantum product ★ on H* (Y; Ay) by analytic continuation in the 
variables Qs+i, ■ • • , Qr followed by the change-of- variables 



e^'Ui l<i<s 
e*^' s < i < r. 



(48) 
This proves: 

Theorem 9.1. Suppose that conjecture \4. l\ holds and that U : Tlx Ti-y sends Ti.^ 
to Tiy. Then there is a linear map Uq : H*^{X;<C) — > H*(Y]C) which identifies 
the Frobenius manifold given by the big quantum cohomology ^ of X with the 
Frobenius manifold obtained from the big quantum cohomology ^ ofY by analytic 
continuation in the quantum parameters Q^+i, ■ ■ ■ , Qr (if necessary) followed by 
the substitution In addition, the map Uq preserves the gradings and Poincare 

pairings, sends Ix to ly, and satisfies J/qo (pU) = (7r*pU)o{7o for every untwisted 

CR 

degree-two class p G H'^{X;C). 
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The statements about Uq here come from lemma As discussed above, if conjec- 
ture 14.11 holds and X satisfies the Hard Lefschetz conditiorQ postulated by Bryan- 
Graber j7] then U automatically sends to Hy- 

The conclusion of Theorem 19.11 is almost the same as the Crepant Resolution 
Conjecture of Bryan and Graber. They ask that Uq : H*^{X; C) H*{Y; C) agree 
with vr* on the untwisted sector H*{X;C) C H*-^{X;C), whereas we only have 
that for the subalgebra of H*{X;C) generated by H'^{X;C). Furthermore their 
change-of- variables has Qi — Ui, 1 < i < s, omitting our factor of e"^', and for us 
the substitution Qi — e'^' , s < i < r, need not involve roots of unitjQ. 



10. Quantization and Higher Genus Gromov-Witten Invariants 

So far we have considered genus-zero Gromov-Witten invariants of X and Y. 
This corresponds to considering the tree-level part of the topological A-model with 
target space X or Y. But the full partition function of the topological A-model is 
also of significant interest, and this corresponds to the full descendant potential of 
X, 




or, similarly, to the full descendant potential Vy of Y. The quantity in ((49|) 
is the genus-f; descendant potential of X: this is defined in the same way as the 
genus-zero descendant potential J-'^ but with integration over the moduli stack of 
stable maps to X of genus g rather than genus zero. The variable fi is a formal 
parameter. In this section we give a generalization of our conjecture which applies 
to Gromov-Witten invariants of all genera. Roughly speaking, we conjecture that 
T>y = iJ{'Dx), where U is the quantization of the symplectic transformation U 
from conjecture 14. II This idea occurred simultaneously and independently in both 
mathematics and physics ^Ii. il3u33j ; it is a consequence of fundamental insights due 
to Givental [5T] and Witten [33]. 

Work of Givental [131211112] and others [IH1IM1I271I2SI31] strongly suggests that 
the full descendant potential Vx of X should be regarded as an element of the 
Fock space for the geometric quantization of Tix ■ This point of view is described 
for manifolds in [51] and extended to orbifolds in [31] . The Fock space for X consists 
of certain formal germs of functions on Ti^ . We regard , which depends formally 
on the variables Ta,e, 0<£<N,Q<a<oo [c.f. equation [T5|) . as the germ of a 
function on Ti^ via the dilaton shift ([201 . This makes Vx into an element of the 
Fock space for X . In the same way, using the dilaton shift ([2T|) . we regard Vy as 
the germ of a function on Tiy and hence as an element of the Fock space for Y . 

Suppose now that conjecture 14.11 holds. As we have chosen bases for 77*j^(A';C) 
and H*{Y; C), we can represent the transformation U : Tix Ti-y by a matrix U 
with entries that are Laurent polynomials in z. Let U = U-UqU+ be the Birkhoff 
factorization of this matrix, so that 

U-^I + U-iz-^ + ■■■ + U-kZ-'', 
Uq = constant diagonal matrix, 

U+ = I + Uiz + --- + Uiz\ 

for some fc, ^ > 0. (The fact that Uq is a constant diagonal matrix, not a diagonal 
matrix of Laurent monomials in z, follows from condition (c) in conjecture 14. II ) 



This condition was discovered in 1131 . 
'See conjecture 111. II below, however. 
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Remark 10.1. The BirkhofF factorization here can easily be computed using row 
and column operations. For example, as U = U-UqU+ we see that J7^^ is the 
unique matrix of the form / + Aiz + • • • + A„iz"^ such that UU^^ contains only 
negative powers of z. This can be computed using column operations on U . The 
transformation Ai lowers degree by 2i, as U is degree-preserving, and hence Ai is 
nilpotent; / + Aiz + • • • + A^z"^ is therefore invertible with polynomial inverse. 
This determines C/+. The matrices U- and Uq can be determined similarly. 

If we change our choice of bases for H*-^{X; C) and H*{Y; C) then the factoriza- 
tion 

U = U-UqU+ becomes AUB-^ = {AU-A-^){AUoB-^){BU+B-^) 

where A and B are appropriate change-of-basis matrices, and so the factorization 
defines linear symplectic isomorphisms 

U_ : Tiy — Hy, Uq : "Hx — * "Hyi U+ : Tix — T^x, 

which are independent of our choice of bases. Let us identify the Fock space for X 
with the Fock space for Y via the isomorphism Uq : Ti-x ^ Ti-y- In this way we 
regard Vx as an element of the Fock space for Y; concretely, this means that we 
regard Vx as a formal power series in the variables ta^e, 0<e<iV, 0<a<oo via 
the identification ta^e^e — Uo(tq^^(/)^). Consider now the C((z^^))-linear symplectic 
transformations T_ , T+ : Hy 'Hy defined by 

T_=U_, T+=UoU+Uo"^ 

Propositions 5.3 and 7.3 in ^ give formulas for the quantizations T_, T+ of T_ 
and T+: these quantizations are endomorphisms of the Fock space for Y. 

Conjecture 10.2. Conjecture \4-l\ holds, and in addition 

Vy^T^T+[Vx) 

after an appropriate analytic continuation of TDx and Vy ■ The symbol 'oc ' here 
means 'is a scalar multiple of. 

Remark 10.3. The scalar multiple in conjecture 110.21 is determined by the con- 
dition that the genus-one descendant potential of Y vanishes when all the ia,£ are 
zero. Thus coni ecture 1 1 . 21 determines the higher-genus Gromov-Witten invariants 
of X in terms of those of Y. 

Remark 10.4. In order for the analytic continuation indicated in coniecture 110.21 
to make sense, we need assume some convergence of the total descendant potential 
T>y. For example, if we require that there are strictly positive real numbers Ri, 
s < i < r, such that each J^yi 5^0, depends analytically on Qs+i, ■ ■ ■ , Qr in the 
domain 

\Q^\<R„ s<i<r, 

then (as above) the Divisor Equation implies that each J-y in fact depends analyt- 
ically on io,ii ■ • ■ I to,r and Qs+i, • ■ • , Qr in the domain 

|io,i| < oo 1 < « < s 

IQiC*"- I < i?i s<i<r. 

This allows us to set Qs+i = • • • = Qr = 1, defining Tp® , g > 0, exactly as we 
defined T® above. We can then use V® — exp ( J2q>o •^y® ) in place of Vy in 
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conjecture 110.21 But this convergence assumption is difficult to check in practical, 
and it would be useful to have a higher-genus analog of assumption 12. II 

Remark 10.5. Bryan and Graber have suggested [Zl remark 1.8] that when X 
satisfies the Hard Lefschetz condition, the higher-genus non-descendant Gromov- 
Witten potentials 

might coincide after analytic continuation in the quantum parameters Qs+l^ ■ ■ ■ ,Qr, 
the substitution and the change-of- variables t = Uo(t) from theorem 19.11 If 

conjecture 110.21 and the above convergence assumption hold then this is the case. 
The Hard Lefschetz condition ensures that the transformation U+ is the identity, 
and conjecture 110.21 then becomes 

Applying Givental's formula [HJ proposition 5.3] for the operator tJ_ shows that the 
non-descendant potentials F^t) and Fy®(i) are related by analytic continuation 
and a change-of- variables; taking account of the substitution ([36]) . exactly as in ^ 
shows that F^ and Fy are related as claimed. 

11. Specializations, B-Fields, and Flat Gerbes 

An issue of particular importance for the various Crepant Resolution Conjectures 
is to determine the values to which the exceptional quantum parameters Qi should 
be specialized. These values have physical significance and are referred in the 
physics literature as the B -field. Calculating the correct value of the i?-field is a 
subtle problem even in physics, and although this is understood in some examples 
(Hilbert scheme of points, surface singularities, K3 surfaces, etc.) there is not 
yet a procedure to determine the value of the B-field in general. One advantage 
of our approach is that it gives such a procedure: we can interpret the values of 
the specialization (and hence the value of the B-field) as coming from a shift in 
basepoint on Givental's cone. In this section we study this issue and relate it to 
the physical point of view on the B-field. First we propose a further conjecture to 
constrain the choice of shift. 

Conjecture 11.1. Suppose that conjecture \4. 1\ holds, so that 

l]{lx) ^ 1y - cz-^ + 0{z-^) 
for some c £ H'^(Y;C). Then in fact c G H'^ (Y ; Q^/^) . 

Note that this implies that the quantities e'^' occurring in thcorems l7.21l8.3l and l9.1l 
are roots of unity. 

Now we introduce the notion of Gromov-Witten invariants twisted by a flat 
gerbe. Twisting by a flat gerbe is believed to be the correct mathematical analog 
of 'turning on a _B-field' in physics. The general construction in the orbifold case 
has been worked out by Pan-Ruan-Yin [30j . In the smooth case it is particularly 
easy. For a smooth manifold Y , giving a flat gerbe on Y is equivalent to giving its 
holonomy, which is a cohomology class 9 S H^{Y, U{1)). Gromov-Witten invariants 
twisted by this flat gerbe coincide with the usual Gromov-Witten invariants of Y, 
but multiplied by a phase factor given by the holonomy: 

(50) {s,r\- ■ ■,Snr")o:L = m {6ir\- ■ ■,Snr-)ln,d ■ 

■^Note however that if y is a Calabi— Yau 3-fold then we can use the Divisor, String, and Dilaton 
Equations to express any Gromov-Witten invariant {(Sii/i^i , . . . , '5n^'''*)^„ ^ in terms of the zero- 
point Gromov-Witten invariant ( ^. It therefore suffices to check the convergence assumption 
in remark [10.41 for the non- descendant Gromov-Witten potentials ^ylt —t-t —t — —0' 9 — ^^ 
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We will only need the case when Y is smooth, so the reader unfamiliar with S-twisted 
Gromov-Witten invariants can take ([50]) as the definition. It is clear that on smooth 
manifolds the set of all 6'-twisted Gromov-Witten invariants, for any flat gerbe 9, 
contains the same information as the set of ordinary Gromov-Witten invariants. 
The class c in conjecture 4.2 induces a flat gerbe 6c through the coefficient exact 
sequence 

— ^V^z ^ V^R ^ — -^u{i) ^0 . 

On the other hand, if H'^{Y, ^/—IZ,) = then any flat gerbe has a lift pg G 
ij2(r;v^K). 

We can define 6'-twisted versions Fy^g, F® g, and Cy^g of Fy, F® , and Cy respec- 
tively, by replacing ordinary Gromov-Witten invariants with 0-twisted Gromov- 
Witten invariants. 

Lemma 11.2. Suppose that pg is a lifting of 6. Then multiplication by e^"^^ defines 
a symplectic transformation TLy —> Tiy such that e^^^^Ly = Cy^g. 

Proof. Combine the Divisor Equation (see [HI equation 8]) with ([Sn| . □ 

Corollary 11.3. // conjectures \jn\ and \ll.l\ hold then the symplectic transforma- 
tion Uc : Ti-x ^ 'Hy defined by Uc — e'^/^U satisfies properties (a~d) of conjec- 
ture \4-l\ o.nd also: 

Vc{Cx)^Cy,g^ Vc{1x)^1y + 0{z~^). 

Recall from §f|7H9]that the cohomology class c e H^(Y;C) defined by ll{lx) = 
ly — cz~^ -\- 0{z^'^) gives rise to the values e"^* to which the exceptional quantum 
parameters are specialized: in other words U picks out the i3-field. It does this 
because c produces the 'shift in basepoint' (g) ~^ ® visible, for instance, in equation 

t t+c 

((55)) . If we repeat the analysis of §S}7HH] but using the symplectic transformation 
Uc rather than U then on the one hand we should replace each e'^' by 1 (because 
Uc(Ia') = ly + 0{z^'^) and so now there is no shift in basepoint) and on the other 
hand we should replace the quantum cohomology of Y by the ^c-twisted quantum 
cohomology (because we consider the submanifold-germ Cy^g not Cy). In other 
words, our conjectures predict the emergence of a flat gerbe Oc. We can use this to 
give a very clean version of the Cohomological Crepant Resolution Conjecture: 

Conjecture (Modified CCRC). There is a flat gerbe on Y such that the Chen- 
Ruan product U on H*-^{X;C) can be obtained from the 6-twisted small quantum 

product for Y by analytic continuation in the quantum parameters Qs+i, ■ ■ ■ , Qr (if 
necessary) followed by the substitution 




Conjectures 14. 1 1 and 111.11 together imply the Modified CCRC with 9 ~ 6c. We can 
give a similarly-improved version of Ruan's Crepant Resolution Conjecture, which 
again follows from Conjectures 14. II and II 1 .11 

Conjecture. (Modified CRC) Suppose that X is semi-positive. Then there is a fiat 
gerbe 9 over Y and a choice of elements /i, . . . , /r € C!|?7i, . . . , Us\ such that fi = 
when Ui = ■ ■ ■ = Us — 0, such that the class f — fifi -\- ■ • • -\- frfr is exceptional, 
and such that the Frobenius algebra given by the small quantum cohomology of X 
is isomorphic to the Frobenius algebra obtained from the 9-twisted small quantum 
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cohomology of Y by analytic continuation in the exceptional quantum parameters 
Qs+i, • ■ • J Qr (if necessary) followed by the change- of-variables 



e^'Ui l<i<s 
e-^* s < i < r. 



The corrections fi here and in (|47p are an example of what physicists call a 'mirror 
map'. 

Appendix: Proofs of Analyticity Results 

Lemma A.l. The descendant potential which is a formal power series in the 
variables Ui, . . . ,Us and Ta,e, 0<e<N,0<a< oo, in fact depends analytically 
on ro,i, . . . , tq^s in the domain C*. 

Proof Set 

To.two = To,l(/>l H h To^s4>s, 

n>0 

deES{X) 

and call the quantity yie^ip"''^ , . . . , c/ief.ip"''']'^ ^ a k-point descendant. We need to 
show that each fc-point descendant is an entire function of tq^i, . . . ,tq^s] let us call 
this property entireness. The Topological Recursion Relations [341 §2.5.5] express 
any fc-point descendant [^e^-;/'"!, . . . , ^etV'"'"] with fc > 3 and at least one non- 
zero ai as a linear combination of Z-point descendants with I < k. Thus we need to 
establish entireness for fc-point descendants with fc = 0,fc = l,fc = 2, orfc arbitrary 
but ai = • • • = Ofc = 0. The cases fc = and fc arbitrary but a\ = ■ ■ ■ = = Q 
follow from the entireness of the potential Fx (see equation |S]) . The cases fc = 1 
and fc = 2 but 02 = follow from proposition 16.131 The remaining case — fc = 2 
but ai, 02 ^ — follows from the WDVV-like identity 

and the String Equation 



' // Q ZW \z w / \ z — I, 



^^z — tp w — // ^ zw \z w/\z — 'ip w — Ip // Q 

Thus J-^ depends analytically on tq i, . . . , tq^s in the domain C*. □ 

Lemma A. 2. Assume that convergence assumption \2.1\ holds. Then the descen- 
dant potential J-'y, which is a formal power series in the variables Qi, . . . , Qr and 
ta,e, 0<e<N,0<a< 00, in fact depends analytically on to,i, ■ • ■ j ^o,r and 
Qs+i, ■ ■ • 7 Qr iri the domain 



(53) 



|io,i| < 00 1 < « < s 

IQiC*"'! < i?i s<i<r. 
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Proof. This is very similar to the proof of the preceding lemma. As before, set 

io,two = to,iipi + • • • + to,r<(5r, 

n>0 

deES{Y) 

We need to show that, for each choice of (ii,...,ds G Q with > 0, the co- 
efficient of Qf^ ■ ■ ■ in ((/JeiV'^S ■ • • ^Vek''P°'''}Q defines an analytic function of 
to,i, ■ • ■ , io,r and Qs+i, • • ■ , Qr in the domain (|53p . Let us call this property analyt- 

icity of ((^eiV'''S-..,'/?e>'"'))^- 

The Topological Recursion Relations [HI lemma 10.2.2] show that it suffices to 

establish analyticity of ((/JeiV'^S • ■ ■ i VcfeV'"''))^ in the cases where A: = 0, k = 1, 
A: = 2, or fc arbitrary but ai = • • • = = 0. The cases k = and k arbitrary 
but fli = • • • = afe = follow from convergence assumption 12. II (see the discussion 
above equation fTU]) . The cases k — 1 and k = 2 with oi , 02 ^ follow from the 
case k = 2 but 02 = 0, in view of identities ([5T|) . (l5^ . and the String Equation 




It remains to establish the analyticity of (^^, 00))q for all a and /3; this holds as 
these quantities are solutions to a system of differential equations (the 'quantum 
differential equations' 16, proposition 10.2.1]) with coefficients which are known, 
by convergence assumption 12. H to be analytic functions defined in the domain ()53p . 
The lemma is proved. □ 
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